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Continuity and one-side limit 连续和单边极限 

Note Continuty 连续 (P70) 

Three conditions of not continuous at 𝑥 = 𝑐 

1. The function is not defined at 𝑥 = 𝑐 

2. The limit of 𝑓(𝑥) does not exist at 𝑥 = 𝑐 

3. The limit of 𝑓(𝑥) exist at 𝑥 = 𝑐, but it is not equal to 𝑓(𝑐) 

 

Continuity at a Point: (函数在一点连续) 

1. 𝑓(𝑐) is defined. 

2. lim
𝑥→𝑐
𝑓(𝑥) exists. 

3. lim
𝑥→𝑐
𝑓(𝑥) = 𝑓(𝑐) 

(开区间(𝒂, 𝒃)上连续)A function is continuous on an open interval 

(𝑎, 𝑏) if it is continuous at each point in the interval. 

(实数域上处处连续)A function that is continuous on the entire real line 

(−∞,∞) is everywhere continuous.  
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Continuity and one-side limit 连续和单边极限 

Note Example 1: Discuss the continuity of each function (p71) 

 

a. 𝑓(𝑥) =
1

𝑥
      b. 𝑔(𝑥) =

𝑥2−1

𝑥−1
   

c. ℎ(𝑥) = {
𝑥 + 1,   (𝑥 ≤ 0)

𝑥2 + 1, (𝑥 > 0)
  d. 𝑦 = sin𝑥 

 

Properties of continuity 连续的性质 

b is a real number, 𝑓(𝑥) and 𝑔(𝑥) are continuous at 𝑥 = 𝑐: 

1. Scalar multiple: 𝑏𝑓(𝑥) 

2. Sum or difference: 𝑓(𝑥) ± 𝑔(𝑥) 

3. Product: 𝑓(𝑥)𝑔(𝑥) 

4. Quotient: 𝑓(𝑥)/𝑔(𝑥),  if 𝑔(𝑥) ≠ 0 

5. Composite: 𝑓(𝑔(𝑥)) 
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Continuity and one-side limit 连续和单边极限 

Note One-side limit 单边极限 (P72) 

𝑓(𝑥) = √4 − 𝑥2 

lim
𝑥→2−

√4 − 𝑥2 = 0  

is a one-side limit 

 

 

 

The existance of a limit 极限存在定理 (P73) 

           
⇔    {

lim
𝑥→𝑐−

𝑓(𝑥) = 𝐿

lim
𝑥→𝑐+

𝑓(𝑥) = 𝐿
 

 

 

 

(闭区间[𝒂, 𝒃]上连续)A function is continuous on the closed interval 

[𝑎, 𝑏] if it continuous on the open interval (𝑎, 𝑏) and lim
𝑥→𝑎+

𝑓(𝑥) = 𝑓(𝑎) 

and lim
𝑥→𝐵−

𝑓(𝑥) = 𝑓(𝑏).  

 

The intermediate value theorem 中值存在定理 

(P77) If 𝑓(𝑥) is continuous on the closed interval [𝑎, 𝑏], 𝑓(𝑥) ≠ 𝑓(𝑏), 

and k is any number between 𝑓(𝑎) and 𝑓(𝑏), then there is at least one 

number c in [𝑎, 𝑏] such that 𝑓(𝑐) = 𝑘. 

Application: the bisection method (二分法) 

 

  

The limit of 𝑓(𝑥) 

as x approaches c 

is L 

极限存在⇔左极限=右极限 
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Continuity and one-side limit 连续和单边极限 

Note Exercise1: Find the following limit (if it exists). Explain your reasoning.    

lim
𝑥→3
𝑓(𝑥),𝑤ℎ𝑒𝑟𝑒 𝑓(𝑥) = {

(𝑥 − 3)2,     𝑥 ≤ 3
3 − 𝑥,          𝑥 > 3

 

方法：在 3 这点，左极限=右极限=0，所以连续 

 

 

 

Exercise2: Find all values of c such that 𝑓(𝑥) is continuous on (−∞,∞).     

𝑓(𝑥) = {
1 − 𝑥2,   𝑥 ≤ 𝑐
𝑥,              𝑥 > 𝑐

 

方法：𝑓1(𝑥) = 1 − 𝑥2, 𝑓2(𝑥) = 𝑥. 若要求𝑓(𝑥)连续，必须𝑓1(𝑥) =

𝑓2(𝑥), 即 1 − 𝑥2 = 𝑥，解得𝑐 = 𝑥 = (−1 ± √5)/2 

 

 

Exercise3: Find the constant a such that the function is continuous on the 

entire real line.  𝑓(𝑥) = {
3𝑥2,             𝑥 ≥ 1
𝑎𝑥 − 4,       𝑥 < 1

 

方法：当  𝑥 = 1时 3𝑥2 = 3(1)2 = 3, 所以𝑎𝑥 − 4 = 𝑎(1) − 4 = 3, 所

以𝑎 = 7. 

 

Exercise4: Explain why 𝑓(𝑥) = 3𝑥2 − 4 is guaranteed to have a 0 in the 

given interval [1,2] 

方法：
lim
𝑥→𝑐
𝑓(𝑥) = 𝑓(𝑐),所以𝑓(𝑥)处处连续

𝑓(1) = −1 < 0, 𝑓(2) = 8 > 0
}
极限存在定理
⇒        𝑓(𝑥)在[1,2]上连续 
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Continuity and one-side limit 连续和单边极限 

Note   
Page 86, Peterson’s Master AP Calculus AB&BC, 2

nd
 Edition, W. Michael Kelley. 
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